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Abstract
Based on the noncommutativity of translations in a noncommutative plane, we
arrive at a new generalization of the usual supersymmetry algebra appropriate to a
noncommutative deformation of the 2-dimensional Euclidean group. Our construc-
tion is based on finding differential representations of the generators as operators
acting on the space of superfields. We find that the (anti)commutators between
the supersymmetry and translation generators are non-vanishing and involve a new
set of generators. We then analyze the spectrum of this superalgebra and find its
fundamental and adjoint representations.
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1 Introduction
Supersymmetry (SUSY) is one of the main ingredients in most of the recent attempts
towards a unied fundamental theory of the nature. In addition to being a proper solution
to some of the outstanding problems of particle physics, it has played a central role in most
of the recent developments in string theory [1]. It is the only known way of incorporating
the internal and spacetime symmetries of a eld theory and has important consequences
such as the cancellation of the unwanted ultraviolet innities that results in the non-
renormalization of the parameters of the theory.
String theory, as the best candidate for the theory of everything, for its consistency
relies on the worldsheet SUSY which in turn leads to a spacetime SUSY. In the low
energy limit, superstring theories lead to SUSY eective eld theories such as the (type
II) supergravity theories and super Yang-Mills theories. These correspond to the low
energy limit of the (type II) closed string theories and the decoupling limit of the open
string theories on D-branes [2].
An important implication of string theory is the appearance of the spacetime noncom-
mutativity at short distances (for a recent review see [7]). The noncommutativity of the
spacetime in string theory was initially discovered in the context of the matrix model com-
pactications on a torus [3, 4]. In eect, the spacetime noncommutativity is equivalent to
a deformation of the algebra of functions on the spacetime manifold through replacing the
ordinary pointwise product of these functions by the noncommutative Moyal ?-product.
The more recent occasion of noncommutativity in string theory was happened for open
strings with end-points on a D-brane within a background B-eld [5]. In this case the low
energy limit of the theory is a noncommutative gauge (NCYM) theory, which is expected
to be supersymmetric, if one is to consider it as a limit of superstring theory, namely the
NCSYM theory.
It is well known that a BPS D-brane is a supersymmetric extended object preserving
1/2 of the total spacetime SUSY [2]. One may suspect whether this amount of SUSY is
aected by the presence of a B-eld, and further, if it modies the unbroken superalgebra
on the brane. A direct computation of the worldsheet (super)charges shows that this is
indeed not the case; i.e. the presence of a longitudinal B-eld does not aect the SUSY
on a D-brane [8]. This opens up, however, the possibility of a deformation of SUSY in
the more general backgrounds. In fact, in ref. [9] it is shown that a constant H-eld
(H = dB) causes a deformation of the spacetime superalgebra using explicit expressions
for the conserved worldsheet (super)charges.
Whether the presence of a B-eld (or more general backgrounds) modies the SUSY
properties of the low energy eld theories on D-branes or not, it is interesting in its
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own respect to know how the spacetime noncommutativity may aect the superalgebra
underlying a SUSY eld theory. The rst attempts to nd the deformed version of the
usual SUSY eld theories in noncommutative spaces was made in refs.[8, 10, 16] (see
also [11]-[13] for more recent works). The deformation proposed in [10] was based on the
deformation of the algebra of superelds on a so-called \noncommutative superspace".
This is dened to be a continuum of the c-number and Grassmann coordinates (xµ, θα)
obeying non-trivial non-(anti)commutation relations among themselves. This leads to
a new generalized version of the Moyal product between superelds which involves a
deformation of the products of functions of Grassmann coordinates, in addition to that of
the ordinary coordinates (for a general deformed version of the Grassmann algebrasee [14],
and [15] for a non-anticommutative eld theory). It was found, however, that (at least
for the D = 4, N = 1 case) the only deformation compatible with supertranslation and
closure of the chiral superelds under the ?-product is the one in which θ’s anticommute
with themselves and commute with x’s, as usual.
On the basis of the above result the authors of [10, 16] have constructed deformed
versions of the usual Wess-Zumino (WZ) model and SYM theory with N = 1 SUSY
in four dimensions. Deformations of the N = 2, 4 SYM theories have been studied in
refs. [22, 23, 24] and that of SUSY Born-Infeld action in [10, 25, 26], and the deformed
version of the non-linear sigma-models was considered in [27, 28]. In all these cases,
the deformed theory is obtained from its commutative counterpart simply by replacing
the ordinary products of elds with the Moyal products. The renormalizibility and 1-
loop eective actions of supersymmetric NC eld theories was studied in refs. [17]-[24].
Typically, noncommutativity turns a renormalizable theory to a non-renormalizable one
due to the UV/IR mixing phenomenon [29]. However, the addition of SUSY restores the
renormalizibility of the theory and in addition results in the non-renormalization of its
parameters [17]-[24].
More recently, some authors have considered the issue of noncommutativity in quan-
tum mechanics (QM) [31]-[38]. The main problem of the NC-QM is to nd the spectrum
of states for a particle in a specic potential assuming that its coordinates (qi) do not
commute. The momenta of the particle (pi) may be commuting or non-commuting de-
pending on the given problem. Generically, the commutation relations of (qi, pi) have the
following form:
[qi, qj] = iij, [qi, pj] = iδ
i
j , [pi, pj] = iBij . (1.1)
This situation is familiar from the QM of ordinary charged particles on a plane in a
constant (transverse) magnetic eld and is well known as the Landau problem [31]. Of
course, for the ordinary (commutative) Landau problem one has ij = 0, Bij 6= 0, but it
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is easy to show, by a suitable linear transformation of (qi, pi), that this problem can be
mapped to a problem in the noncommutative space, i.e. the one with ij 6= 0, Bij = 0 .
Such a transformation constitutes in fact the essence of the Seiberg-Witten maps which
relate a commutative gauge theory with a B-eld to another noncommutative gauge theory
without a B-eld2 [5]. In general, for arbitrary , B, one can nd linear transformations
of (qi, pi) in a way as to bring their commutation relations to the canonical form, i.e. the
one with ij = 0 = Bij . In such a situation, we essentially deal with an ordinary QM
problem. There is, however, a critical value of the B-eld, B = −−1, for which the
canonizing linear transformation on (qi, pi) become singular. In that case the phase space
of the particle becomes degenerate and is actually described by half of the coordinates
(qi, pi) (say by q
i only) and the density of states on phase space become innity [33].
This means that in the critical case, the momenta of a particle can not be assumed as
independent of its coordinates [6, 33] . This is just the same situation occurring for a
particle in a large magnetic eld in its rst Landau level [31, 32], which is usually treated
using the Dirac quantization procedure for constrained systems [31].
In the critical case B = −−1, both qi and pi become noncommuting and one can not
get rid of the noncommutativity by a linear transformation on (qi, pi). In the context of
the noncommutative gauge theory, this is equivalent to saying that, for the critical value of
the noncommutative eld strength, bF = −1, one can not nd a commutative description
of the same theory [5]. This is the same choice which is naturally singled out by the matrix
theory [6]. As explained in [6], in this case the derivative operators ∂i on functions of the
noncommutative space are expressed as commutators with the coordinates and hence they
obey the noncommutativity relation [∂i, ∂j] = −iBij = i−1ij . This means that successive
translations in a nocommutative space generally do not commute. When extended to a
noncommutative superspace, this raises the question as how the SUSY algebra is aected
by turning on the spacetime noncommutativity and it is the purpose of this paper to
answer to this question.
In this paper we are mainly interested in the critical (B = −−1) regime in two
(Euclidean) dimensions, although most of the results seem to have natural generalizations
to the non-critical case and in higher dimensions. More specically, we are interested in the
noncommutative deformation of the N = 1 superalgebra corresponding to a deformation
of the two dimensional Euclidean group E2θ . The cases of higher dimensional spaces and
of the extended SUSY will be investigated elsewhere [40], [41].
The paper is organized as follows. In section 2 we will briefly review the basic notions of
2Note that the parameters Bij here play the role of Φij in refs. [5, 6] which inerpolate between the
commutative and noncommutative descriptions. Unless in the critical case, they are different from the
B-field components.
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superspace and supersymmetry in the ordinary theories and then introduce the spacetime
noncommutativity and the operator formalism. Then in section 3 we derive the deformed
superalgebra of E2θ corresponding to a noncommutative Euclidean 2D space. The problem
of representation and spectrum of the deformed superalgebra is addressed in section 4 and
we conclude the paper by a summary and discussion in section 5.
2 Some preliminaries
In this section we briefly review some elementary tools of SUSY in commutative spaces and
then introduce the spacetime noncommutativity and the associated operator formalism.
2.1 Superspace and Superfield
Superspace is a mathematical concept which is often used to simplify the formulation
of SUSY eld theories. In a sense, it provides a mean of interpreting an internal sym-
metry of a theory as some kind of a spacetime symmetry. The ordinary superspace is
dened as a continuum of the bosonic and fermionic coordinates (xa, θα) satisfying the
(anti)commutation relations:
[xa, xb] = 0, fθα, θβg = 0, [xa, θα] = 0. (2.1)
A general supereld is a function S(x, θ) of the superspace coordinates. In general, the
number of θα’s equals the number of SUSY (N ) times the dimension of the minimal spinor
in the given spacetime dimension. In 2D (i.e., a = 1, 2) and for N = 1, this number is two
and the spinorial indices range as α = +,− (see appendix A for conventions on spinors).
A general ‘scalar’ supereld on this superspace has the following expansion:
S(x, θ) = φ(x) + θ+ψ−(x) + θ−ψ+(x) + θ+θ−F (x), (2.2)
where φ(x), F (x) are bosonic scalar elds and ψ+(x), ψ−(x) are components of a fermionic
spinor eld on the 2D space. Often, dimensional analysis play a role in the construction
of the SUSY transformations and eld theories. In our conventions, the supereld is
assumed to be dimensionless and accordingly the superspace coordinates and elds will
have the following (length) dimensions:
[xa] = 1, [θα] = 1/2,
[φ] = 0, [ψα] = −1/2, [F ] = −1. (2.3)
It is important to note that, by the above (anti)commutation relations, the set of all
superelds is closed under the ordinary product of superelds.
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2.2 Ordinary Supersymmetry (SUSY)
The ordinary supersymmetry is based on the concept of translations in a superspace. By
simple dimensional analysis, one can uniquely determine these transformations as follows:
1. Ordinary translation:
This is a constant shift of x with the parameter a (c-number)
δax
a = aa, δaθ
α = 0. (2.4)
2. Supertranslation:
This is a constant shift of θ with the parameter  (Grassmann)
δθ
α = , δx
a = iyρaθ. (2.5)
The appropriate superspace representations for the generators Pa, Qα of these two types
of transformations are simply determined by examining their eects on a general scalar
supereld :
δaS = aa ∂S
∂xa
 i(aaPa)S,






from which it follows that :































g = 0, f ∂
∂θα
, θβg = δβα, (2.8)
and using the above expressions of P,Q, we can simply obtain the ordinary or commutative
superalgebra as follows:
[Pa, Pb] = 0, [Pa, Qα] = 0,
fQα, Qβg = −2(ρaρ1)αβPa. (2.9)
What obtained in this way is the supertranslation subalgebra of the E2-superalgebra. The
complete E2-superalgebra is obtained by appending the generator of the SO(2) rotations
to the previous set of generators.
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The important thing about SUSY is that the SUSY variation of a supereld is again
a similar supereld. This means that we can re-arrange δS in powers of θ such as:
δS = δφ(x) + θ+δψ−(x) + θ−δψ+(x) + θ+θ−δF (x), (2.10)









δF (x) = −iyρaσ3∂aψ(x). (2.11)
These specify the perhaps more familiar forms of the SUSY transformations on the com-
ponent elds.
2.3 Noncommutativity of Space
Origin:
Noncommutative eld theories, and in particular NCYM theory, arise in the so called
decoupling limit of string theory for open strings living on D-branes in the presence of
a background B-eld [5]. String theory calculations show that the low energy dynamics
of D-branes in such a background is modied by replacing the ordinary (commutative)
product of elds in the usual theory by the (noncommutative) Moyal -product dened
as :






0) jx=x′ . (2.12)
Here, µν = −νµ denote the constant noncommutativity parameters. According to this
denition it is easy to check that:
[xµ, xν ]? = i
µν , (2.13)
signifying that the space-time coordinates behave as noncommuting quantities under the
?-product. It can also be shown that for constant µν the Moyal product denes an
associative algebra of functions, in the sense that for every three functions f(x), g(x), h(x)
we have:
(f ? g) ? h = f ? (g ? h). (2.14)
It turns out that the condition on  to be constant is essential in the associativity of the
?-product. Otherwise, it should be modied to the so-called Kontsevich product which in
general is non-associative [39]. Not also that this associativity is crucial to the Moyal-Weyl
correspondence between functions and operators to be dened in the next subsection.
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2.4 The Moyal-Weyl Correspondence
The noncommutativity and associativity of the ?-product suggest that there must be a
natural isomorphism between the algebra of functions on a noncommutative space and
that of the operators on some Hilbert space [30]. To make this isomorphism explicit, we
rst associate with coordinates xµ the operators bxµ satisfying :
[bxµ, bxν ] = iµν . (2.15)
Then to any function f(x) we associate an operator bOf = bf(bx) (and vice versa) through
the so called Moyal-Weyl correspondence :
f(x) =
Z
dnk eik.x ef(k) ! bf(bx) = Z dnk eik.bx ef(k). (2.16)
It is then easy to show [30] that:
Of?g = Of Og ,Z
dnx f (x) = (2pi)n/2
p
det TrOf . (2.17)
This Moyal-Weyl correspondence is the basis of an operator formalism in noncommutative
eld theories which has played an essential role in recent developments of noncommutative
solitons [30]. For our purpose, this correspondence serves as a basis for treating the
coordinates and functions on a noncommutative space, in equal footing with the symmetry
generators, as the operators on some Hilbert space.
3 Noncommutative Supersymmetry
Motivation:
A large number of authors have considered the issue of supersymmetry in noncommu-
tative eld theories [16]-[28]. In particular, many perturbative aspects of noncommutative
super Yang-Mills (NCSYM) theories have been studied (for an exhaustive list of references
see [7]). Most of these studies, however, handle the issue of supersymmetry in eld theory
just parallel to what usually is done in the commutative theories. In this approach, one
starts with a usual commutative supersymmetric theory which is based on an ordinary su-
peralgebra and then proceed to deform it by replacing all ordinary products of elds with
Moyal products. What obtained in this manner is a noncommutative supersymmetric
theory with elds obeying the ordinary supersymmetry transformation properties.
On a more fundamental basis, however, since a superalgebra is an extension of the
ordinary translation (and rotation) algebra, one expects the superalgebra to be deformed,
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if the ordinary translation algebra is deformed due to the spacetime noncommutativity.
We will show in the following that this is indeed thecase as a result of the fact that
the momenta (as generators of translations) in the noncommutative directions do not
commute with each other. Therefore, we should expect a noncommutative superalgebra
when we deal with a noncommutative superspace.
3.1 Deformed Translation Algebra
Let us consider a noncommutative 2D space with coordinates xa satisfying 3
[xa, xb] = iϑab. (3.1)
In the operator formalism, derivatives of a eld φ(x) can be expressed as [6, 33]
∂aφ(x) = iϑ
−1ab[xb, φ(x)]. (3.2)
This evidently suggests identifying the momenta Pa, as the generators of translation, in
terms of coordinates as follows (see also [34] for this point)
Pa = ϑ
−1abxb. (3.3)
It is then easy to see that this relation automatically satises the Heisenberg equation:
[xa, Pb] = iδ
a
b . (3.4)
Also from the same relation it follows that:
[Pa, Pb] = iϑ
−1ab , (3.5)
showing the noncommutativity of momenta as asserted. The last three commutation rela-
tions between (x, P ) ’s introduce a noncommutative deformation of the usual Heisenberg
algebra consistent with all the Jacobi Identities (as can be checked easily).
We can reverse the above logic to conclude the above relation between x, P by another
argument. We could initially do not assume any relation between x, P and treat them as
independent variables, but instead assume a noncommutativity relation between P ’s as:
[Pa, Pb] = iωab. (3.6)
This would again be consistent with the Jacobi identities for arbitrary constant ω. At
ω = 1/ϑ we recover the previous deformation of the Heisenberg algebra. For generic ω,
3From now on, we omit the hat signs on the operators unless there is the possibility of confusion.
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the representation space of the deformed Heisenberg algebra is spanned by a 2-parameter
set of states whose parameters are dened by the eigenvalues of the Cartan subalgebra
consisting of the maximal commuting subset of (x, P )’s. This can be chosen to be (bx1, bP2)
and hence the Hilbert space is spanned by the simultaneous eigenstates fjx1, p2ig of these
two operators. In this basis, (bx1, bP2) have the following simple representations :
bx1 = x1, bP2 = p2. (3.7)
Comparison to the case of the ordinary Heisenberg algebra then suggests that the other
two operators (bx2, bP1) should have linear representations in terms of the operators ∂∂x1 , ∂∂p2 .
The coecients of these linear combinations are xed by putting them into the algebra
and demanding that it holds identically. This results in:














Clearly, for generic values of ϑ, ω (ϑω 6= 1), (bx2, bP1) behave as independent operators.
Just at the special value ω = 1/ϑ the two operators become proportional :
bP1 = ωbx2. (3.9)
The same logic applies if we exchange the roles of (bx1, bP2) and (bx2, bP1) together and the
result is that : bP2 = −ωbx1. (3.10)
Hence we conclude that for ω = 1/ϑ our operators xa, Pa are not independent but related
according to eqn.(3.3). In this case the Hilbert space of the deformed Heisenberg algebra
is no longer spanned by the 2-parameter set fjx1, p2ig, but it degenerates to a 1-parameter
set of states fjx1ig and in this case x, P ’s are necessarily related by the above equations.
It is amusing to note to the conceptual similarity between the above phenomenon and
what happening in a short representation (BPS states) of an ordinary superalgebra. In
both cases we have a set of parameters in the algebra which on special boundaries in the
space of these parameters the dimension of the corresponding representation drastically
reduces. In the case of short representations, the parameter space is spanned by the
mass m and (the set of) charge q parameters, which for the critical value m = jqj , the
dimension of the general representation reduces by 1
2
and one obtains a short multiplet.
In our case, the parameter space consists of (ϑ, ω) which on the curve of ω = 1/ϑ the
basis of the Hilbert space shrinks from 2- to a 1-parameter set of states.
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3.2 Noncommutative Superspace
Our denition of a noncommutative superspace is a simple extension of the usual non-
commutative space with noncommuting bosonic and anticommuting fermionic coordinates
xa, θα satisfying
[xa, xb] = iϑab, fθα, θβg = 0, [xa, θα] = 0. (3.11)


















g = 0, f ∂
∂θα
, θβg = δβα . (3.12)
where hereafter ω = 1/ϑ in all formulae. More generally, we could consider nontrivial
(anti)commutation relations between (θ, θ) and (x, θ) . However, the associativity of the
?-product, which amounts to the satisfaction of the Jacobi identities, requires that we
have trivial (anti)commutation relations of these two types, at least when ϑ is assumed
to be constant [12].
Now, assuming the same denition as (2.4),(2.5) of a (super)translation as in the
commutative superspace, we recover the expressions (2.7)for Pa, Qα as in the commutative
case. By taking the (anti)commutators of these expressions, takinginto account the above
commutation relations, we nd that




fQα, Qβg = −2(ρaρ1)αβPa + iωab(ρaθ)α(ρbθ)β ,
[Pa, Pb] = iωab. (3.13)
What obtained is just the supertranslation subalgebra of the full noncommutative E2-
superalgebra. In contrast to its commutative counterpart, this algebra contains un-usual
terms of the form 1, θ, θθ on its right hand side (RHS). But one should not be worried
since it becomes evident that such terms are indeed coordinate representations of some
new symmetry generators acting on functions of the superspace [41]. These symmetries
get mixed with the usual supersymmetries when the space becomes noncommutative. The
interesting fact about this algebra is that it does not reduce to the usual commutative
superalgebra in the limit of zero noncommutativity ϑ = 1/ω ! 0 but it does so in the
innite noncommutativity limit ω = 1/ϑ! 0 .
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3.3 Rotation on a Noncommutative Superspace
So far we have considered only (super)translation generators of the E2−superalgebra.
However, in 2D we have a rotational SO(2) symmetry which (despite in higher dimensions)
is not broken by the presence of noncommutativity. This is because the equation [xa, xb] =
iϑab is invariant under the usual SO(2) transformations:
δαx
a = −αabxb. (3.14)
In fact, denoting the generator of rotations by J , this equation implies that:
[J, xa] = iabxb. (3.15)
The SO(2) -variation of the commutation relation between xa ’s amounts to taking the
commutator of J with [xa, xb] , which using the Jacobi identity can be written as:
[J, [xa, xb] ] = −[xb, [J, xa] ] + [xa, [J, xb] ]
= −iac[xb, xc] + ibc[xa, xc] (3.16)
= 0.
where in the last line we used the commutation relation between xa ’s.
A similar property holds for the (anti)commutators of coordinates involving the fermionic





Let us now consider the SO(2) -variation of an arbitrary function f(x) of the noncom-
mutative coordinates. More specically, we are interested in computing the variation δα
of the operator bf(bx) associated to the ordinary function f(x). The important point in this
calculation is that the ordinary (i.e. commutative) Taylor series expansion of bf(bx) fails to
be correct when we consider generic variations of the coordinates δbxawhich may be any
function of bxa. Indeed, the only case where this expansion is valid is when [bxa, δbxb] = 0
(e.g. for constant shifts of the coordinates). The general form of this expansion can be
found by directly computing the dierence bf (bx+ δbx)− bf(bx), provided we know the expan-
sion of bf(bx). For the present case, in which the variations δbxa are linear functions of bxa,
it can be done using a simple trick. In this case, the first order term of δα bf can be found
by noting that, in the language of ordinary functions, one can write:
δαx






where   ∂a∂a . Hence, the ordinary rst order Taylor expansion of f(x), i.e. δαf(x) =
δαx
a∂af(x), can be rewritten as:
δαf(x) = δαx
a ? ∂af(x)− i
2
αϑf(x). (3.19)
This can be easily transformed back into the language of operators using the Moyal-Weyl
correspondence and the result is that:
δα bf(bx) = −αabbxb∂a bf(bx) + i
2
ϑ bf (bx) . (3.20)
Here, the derivative operators are dened through their adjoint operations, i.e.,
∂a bf(bx) = iϑ−1ab[bxb, bf(bx)]  [b∂a, bf(bx)],
 bf(bx)  [b∂a, [b∂a, bf(bx)] ]. (3.21)
We can easily extend the above result to the case of superelds on a noncommutative
superspace. The only change in this case is the addition of a term due to the variation of
θα. Hence, the total variation of a supereld is written as:







 bS(bx, θ). (3.22)
The coordinate representation of the SO(2)−generator J is read from this expression to
be written as the sum of two terms:
J = L+ S, (3.23)
where










Here, L, S are identied as the orbital and spin parts of the total angular momentum
operator, respectively. In comparison to the commutative expressions, noncommutativity
modies only the orbital part but not the spin part of J , as a result of taking trivial
anticommutation relations between θα’s. Now, using the relation (3.3) between x, P , or
alternatively ∂a = iωabx




(x1P2 − x2P1) = − 1
2ω




The rst expression is just 1/2 the classical (commutative) expression of L. It turns out
that this factor is crucial in nding the correct commutation relation between L, P, i.e.
[L, P] = P , (3.26)
which is required by the transformation properties of Pa as a SO(2)-vector.
The second expression in (3.25) shows that the orbital the angular momentum of
a particle in a noncommutative plane is proportional to its (Euclidean) mass squared
M2  (P1)2 + (P2)2 ; i.e.
L = − 1
2ω
M2. (3.27)
This is comparable to the expression in [37] for the generator of rotations on the phase
space of a particle in 2D. (see also [31])
3.4 The Complete Noncommutative E2θ−Superalgebra
We are now ready to obtain the full E2θ -superalgebra by directly computing the (anti) com-
mutators of all pairs of the generators using their coordinate representations, eqns.(2.7),
(3.23), (3.24). However, as we noted earlier, the resulting algebra will not be closed in the
sense of an ordinary super Lie algebra, unless we include in our usual set of generators
fPa, J, Qαg new generators corresponding to the basis vectors f1, θ+, θ−, θ+θ−g for func-
tions of the Grassmann variables in 2D. Identifying the quadratic combination of theta’s
as the generator T  θ−θ+ = 1
2
θyσ3θ and introducing P  P1  iP2 , we nd a closed
algebra with the following non-trivial (anti)commutation relations :
[P+, P−] = 2ω, fQ+, Q−g = 2ωT,
[Q+, P−] = −2ωθ−, [Q−, P+] = 2ωθ+,
(Q+)
2 = −P+, (Q−)2 = −P−,
fQ+, θ−g = 1, fQ−, θ+g = 1,
[Q+, T ] = θ
+, [Q−, T ] = −θ−,










θ+, [J, θ−] = −1
2
θ−, (3.28)
and all other (anti)commutators are vanishing.
It is straightforward though tedious to check that the coecients on the right hand side
of the superalgebra are set in a way that all the Jacobi identities are satised automatically.
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For example, one can easily verify using the above algebra that:
[Q+, fQ+, Q−g] + [Q+, fQ−, Q+g] + [Q−, fQ+, Q+g] =
2ωθ+ + 2ωθ+ − 4ωθ+ = 0,
[P+, fQ−, Q−g] + fQ−, [Q−, P+]g + fQ−, [Q−, P+] g =
−4ω + 2ω + 2ω = 0,
[J, fQ+, Q+g] + fQ+, [Q+, J ]g+ fQ+, [Q+, J ] g =
−2P+ + P+ + P+ = 0,
[J, fQ+, Q−g] + fQ+, [Q−, J ]g+ fQ−, [Q+, J ] g =
0 + ωT − ωT = 0,
[J, [Q+, T ] ] + [Q+, [T, J ] ] + [J, [Q+, T ] ] =
θ+ + 0− θ+ = 0. (3.29)
The satisfaction of the Jacobi identities is not surprising, since the superalgebra itself has
been derived using explicit representations of its generators as the operators on a Hilbert
space dened by the superelds. This operator algebra necessarily satises the Jacobi
identities as a result of its associativity.
As is evident, modications by the noncommutativity appear only in the P,Q sector
of the superalgebra. A signicant feature of this algebra is that all the noncommutativity
modifying terms commute with any operator valued supereld. This turns out to be the
main obstruction in realizing a noncommutative eld theory realizing NC-SUSY. Finally,
we note that the operators P, Qα appear to be the ladder operators for the eigenvalue
of J by 1, 1/2 units, respectively, without regard to the noncommutativity.
4 Spectrum of the Noncommutative Superalgebra
4.1 The Purely Bosonic Case
Let us begin analysis of the spectrum by considering the spectrum of the purely bosonic
translation subalgebra, i.e.
[P+, P−] = 2ω, (4.1)
where as in the past P = P1  iP2 . This is reduced to a simple harmonic oscillator






[a, ay] = 1. (4.2)
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The Hamiltonian of this 1 dimensional system is proportional to the mass squared of a
particle in 2 Euclidean dimensions :
M2 = P 21 + P
2
2 = P+P− − ω = P−P+ + ω, (4.3)
or alternatively:
M2 = 2ω




where bN  aya . Thus the representation space of the translation subalgebra is spanned
by the harmonic oscillator energy eigenstates, i.e. by
H = spanfjni; bN jni = njni; n = 0, 1, 2, ...g. (4.5)








The eect of Pon this spectrum of states is simply to higher or lower the value of n by
using
ajni = pnjn− 1i, ayjni = pn+ 1jn+ 1i. (4.7)
It is important to note that the above construction is in fact suitable for the spectrum
in the fundamental representation of the noncommutative supergroup. Alternatively, we
can construct an adjoint representation by forming the basis on the space of operators in
terms of the harmonic oscillator energy eigenstates :
H = spanfjmihnj; m,n = 0, 1, 2, ...g. (4.8)
A unitary transformation U = eiA corresponding to a symmetry operation in our super-
algebra acts on H and H as :
jni −! U jni,
jmihnj −! U jmihnjU y. (4.9)




the above unitary transformation must act on bφ(bx) as:
bφ(bx)! U bφ(bx)U y, (4.11)
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or equivalently for an innitesimal transformation as:
δAbφ(bx) = i[ bA, bφ(bx)] $ δAφ(x) = i[A(x), φ(x)] . (4.12)
In other words, 2D elds transform in the adjoint representation of the noncommuta-
tive supergroup. A direct consequence of this fact is that it is not possible to nd the
noncommutative modications of the superalgebra in a noncommutative model which is
obtained by Moyal deformation of an ordinary SUSY eld theory [19]. This is because
all the modications found in eqns.(3.28), being pure functions of θα, commute with any
supereld S(x, θ). As a result, these modications are removed from all the commuta-
tors, if one tries to recover the superalgebra through the algebra of the variations of the
elds, e.g. [δA, δB]S (for each pair of the generators A,B), and the superalgebra is appar-
ently unchanged. This is compatible with the result of [19] found in the context of the
noncommutative WZ model using explicit expressions for its conserved (super)charges.
4.2 The Supersymmetric Case
The commutative limit:
Before completing the spectrum of the E2θ -superalgebra, it is worthwhile to have a
look at its commutative counterpart which is obtained by going to the ω ! 0 limit.
More precisely, when ω = 0 in eqns.(3.28), we obtain two separated subalgebras, one for
Pa, Qα, θ
α, T and the other for Pa, Qα, J , which the latter denes the commutative E
2-
superalgebra through the non-vanishing (anti)commutators:
Q2+ = −P+, Q2− = −P−,
[J, P] = P, [J,Q] = 1
2
Q . (4.13)
This algebra has a single Casimir operator which is dened by the mass squared:
M2 = P+P− . (4.14)
This is an SO(2) -invariant quantity and hence commutes with J ,
[M2, J ] = 0. (4.15)
Indeed, (M2, J) form the maximal commuting set of operators for the E2-superalgebra and
so the irreducible representation of this algebra is spanned by the simultaneous eigenstates
of these operators:
M2jm, ji = m2jm, ji,
J jm, ji = jjm, ji. (4.16)
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Here, the mass squared eigenvalue m2 is any positive or negative real number, provided we
do not assume any restriction about the positive-deniteness of the norm in the Hilbert
space. On the other hand, the angular momentum eigenvalue j in 2D (despite in higher
dimensions) is not restricted to be half-integer values but it takes continuous real values.
However, because of the 1/2 shifts of j due to the action of Q, any irreducible repre-
sentation of the algebra contains only of those states whose values of j dier by a a half
integer. This means that dierent irreducible representations of the super E2-algebra (for
xed m2) are distinguished by a real number ν, 0  ν < 1
2
, whose value restricts the
values of j in each representation to j = ν + n
2
, with n 2 Z. We note that, for xed m,
the states jm, ji for dierent j ’s are orthogonal since J is a Hermitian operator.
The action of Q on these states is specied as raising or lowering the value of j by
1/2 units:
Qjm, ji = C(m, j)jm, j  1
2
i, (4.17)
where C(m, j) are coecients to be determined. The action of P in this representation
is then specied by simply acting twice by Q :
Pjm, ji = −C(m, j)C(m, j  1
2
)jm, j  1i. (4.18)
On the basis of the above equations it can be shown that:
a) For m2 > 0, all the states jm, ji in the representation are null and, with a suitable
choice of their normalizations, we can write:
C+(m, j) = −
p
m, C−(m, j) = i(−1)[2j]
p
m,
hm, jjm, ji = 0. (4.19)
Here [x] denotes the integer part of the real number x .
b) For m2 = 0 , we have the following restrictions between C and the norm of the
states:
C+(0, j)C−(0, j + 1/2) = 0,
C(0, j  1/2)h0, jj0, ji = 0, (4.20)
which allows for both the positive and negative normed states, as well as the null states.
c) For m2 = −µ2 < 0 , we have both positive and negative normed states in the
representation and, with a suitable normalization, we can write:
C+(µ, j) = −pµ, C−(µ, j) = (−1)[2j]pµ,
hµ, jjµ, ji = (−1) 12 [2j]([2j]−1). (4.21)
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We can construct reducible representations of the algebra out of the tensor products of two
of the above irreducible representations. In the supereld representation, we indeed use
the tensor product of the two representations, one with a xed m2 and j 2 Z (for a trivial
Euclidean geometry on R2 ) and the other with m2 = 0 and j = 0,1
2
, corresponding
to pure functions of xa and θα, respectively.With generic non-integer values of j in the
rst representation, we can obtain a supereld realization of the E2-superalgebra on other
geometries such as that of a cone or a Riemann sheet.
The noncommutative case:
With insights from the commutative limit, it is evident that nding the spectrum of
the complete E2θ -superalgebra is equivalent to nding a suitable basis for the expansion
of the noncommutative supereld. Since in 2D any such supereld is expanded as:
bS(bx, θ) = bφ(bx) + θ+ bψ−(bx) + θ− bψ+(bx) + θ+θ− bF (bx), (4.22)
taking the basis for functions of x as in eqn.(4.8) and that of functions of θ as:
K = spanf1, θ+, θ−, θ+θ−g, (4.23)
the representation space of our algebra in the adjoint case is simply spanned by the tensor
product of this two bases, which gives
L = H ⊗K. (4.24)
The corresponding basis for expanding bS(bx, θ) is thus fjm,ni ⊗ jiig,where jm,ni 
jmihnj 2 H, m, n = 0, 1, 2, .... and jii 2 K , i = 1, ..., 4 is one of the four states represented
by 1, θ+, θ−, θ+θ−. Alternatively, we could construct the fundamental representation by
the tensor product
L = H⊗K. (4.25)
whose basis vectors consist of the states of the form jni ⊗ jii.
It is useful to organize the states in K according to the eigenvalues of the two com-






















The operator S here is the same as the spin operator dened by eqn.(3.24). Indeed,
the eigenvalues of S identify spin of the states in K while those of R specify the length
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dimension of these states. It is straightforward to see that these operators satisfy the
following equations:
2R3 − 3R2 +R = 0,
4S3 − S = 0. (4.27)
showing that they have the eigenvalues r = 0, 1
2




, respectively. As a
simple exercise, one can check that the basis vectors in K are the simultaneous eigenstates










i  (2ω)− 14θ−,
j0, 0i  1, j1, 0i  (2ω)− 12θ+θ−. (4.28)
and all other combinations of r, s are identied with the zero state. It is then easy to
express the operations of θα, ∂/∂θα on each of the states jr, si in terms of some other
jr, si.
An arbitrary state jfi in K is expressed as a function f(θ) of the Grassmann coordi-




d2θ f (θ)g(θ). (4.29)
Using this denition, one can check that the chosen basis for K is orthogonal. On the
other hand, dening the norm in K as usual by jjf jj2  hf jfi, one nds that there are
both positive and negative normed states in K as well as the null states.
Now that the eects of a, ay on the states inH orH and that of θα, ∂/∂θα on the states
in K are well understood, the problem of nding the representation of the superalgebra
(both in the fundamental and adjoint representations) reduces to nding the expressions
for all generators in terms of a, ay, θα, ∂/∂θα. This is simply achieved by replacing ∂1, ∂2


































T = θ−θ+. (4.30)
For the states in the fundamental representation, denoted as jni ⊗ jr, si, these generators
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act as operators from the left, while for the states in the adjoint representation, jm,ni ⊗
jr, si, they act via their commutators with these states. As such, we obtain:
In the Fundamental Representation:
P+jni ⊗ jr, si = (2ω) 12
p
njn− 1i ⊗ jr, si,
P−jni ⊗ jr, si = (2ω) 12
p
n+ 1jn+ 1i ⊗ jr, si,
Q+jni ⊗ jr, si = (−)r+s(2ω) 14













Q−jni ⊗ jr, si = (2ω) 14













J jni ⊗ jr, si =

−n + s− 1
2

jni ⊗ jr, si,











T jni ⊗ jr, si = (−)r+s+1(2ω)− 12 jni ⊗ jr + 1, si. (4.31)
In the Adjoint Representation:
P+jm,ni ⊗ jr, si = (2ω) 12
p
mjm− 1, ni ⊗ jr, si − pn + 1jm,n+ 1i ⊗ jr, si

,
P−jm,ni ⊗ jr, si = (2ω) 12
p
m+ 1jm+ 1, ni ⊗ jr, si − pnjm,n− 1i ⊗ jr, si

,
Q+jm,ni ⊗ jr, si = (−)r+s(2ω) 14



















Q−jm,ni ⊗ jr, si = (2ω) 14



















J jm,ni ⊗ jr, si = (−m+ n + s) jm,ni ⊗ jr, si,
θ+jm,ni ⊗ jr, si = θ−jm,ni ⊗ jr, si = T jm,ni ⊗ jr, si = 0. (4.32)
As is seen, despite in the commutative case, here the angular momentum parameter
is not arbitrary but restricted to integer or half integer values in both representations. In
the fundamental case it equals to:
j = −n + s− 1
2
, (4.33)
while in the adjoint case it is:
j = −m+ n+ s. (4.34)
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In both cases one can nd rotationally invariant states corresponding to j = 0. In
particular, in the adjoint case, we nd the s = 0, m = n or alternatively the jnihnj
states which correspond to the radially symmetric scalar functions on the noncommutative
plane [30]. The last line in eqn.(4.32) is another indication of the fact that states (elds)
of the adjoint representation do not ‘feel’ the eect of the new additional transformations
generated by θ, T , as they behave as the singlet states of these transformations.
5 Summary and Discussion
 We found a noncommutative generalization of the standard superalgebra of E2 with N
= 1 SUSY. This extended deformation involves new generators which constitute the basis
of the Grassmann algebra in 2D.
 The construction was based on a constraint relating the momenta to the coordinates.
This can be interpreted, as in the non-commutative Landau problem, as working in the
regime with critical value of the magnetic eld B = −−1.
 The extended deformation goes back to its non-deformed version in the limit of
innite noncommutativity (ϑ!1).
 We found the spectrum of the deformed superalgebra both in its fundamental and
adjoint representations. The spectrum essentially consists of the tensor product of the
mass eigenstates with the spin eigenstates.
 The mass and orbital angular momentum operators are related as L = −1
2
ϑM2. Both
the mass and angular momentum eigenvalues are quantized. Despite in the commutative
case, the mass operator is not a Casimir of the algebra and as a result the SUSY and also
translation generators mix several mass eigenstates together.
A generic feature of the deformation found in this paper (which is easily generalizable
to the superalgebras in higher dimensions) is that, despite in the commutative spaces,
several SUSY generators have non-vanishing (anti)commutators with themselves and with
the translation generators. Further, this nonvanishing (anti)commutators are not of the
type of the (super)translation generators but involve new types of generators. This is
in contrast to another type of deformation found in [8] for the case of a constant H-
eld background, which despite having similar non-vanishing (anti)commutators, do not
involve any new type of generators. It would be interesting to relate these two types of
deformations.
We pointed out that the modications of the superalgebra of the type that were found
in this paper are not observable in the noncommutative eld theories which are the Moyal
deformations of the ordinary SUSY eld theories. This is due to the fact that the elds
21
in such theories transform in the adjoint representation of the supergroup. Alternatively,
the modications become observable in a eld theory whose eld content transform in
the fundamental representation of the supergroup. In that case the additional generators
extending the ordinary superalgebra would be interpreted as the generators of some new
symmetries without any counterpart in the ordinary commutative theories [41].
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6 Appendix A: Spinors in 2 dimensions
In this appendix we present some of the properties of the spinors in the 2 Euclidean
dimensions which are essential in xing our notations and conventions throughout this
paper. We work with a flat space with Cartesian coordinates xa endowed with the Eu-
clidean metric δab, with a, b = 1, 2 denoting the spacetime indices. The isometry group
of this space is the Euclidean group E2 consisting of the SO(2)-rotations and 2D transla-
tions. General spinors in 2D have 2[D/2] = 2 complex components which can be reduced
to minimal spinors with 2 real components or, alternatively, with 2 complex components
conjugate to each other. A real spinorial representation of the SO(2) group θα is dened
































By a suitable combination of the bilinear products θαθβ one can then form SO(2)- scalars
and vectors. Dening now the complex coordinate z  x1 + ix2 and the complex spinor
θ with components θ  θ1  iθ2, one can rewrite the above SO(2)-transformations as:
z ! eiαz,
θ ! eiασ3/2θ. (A.3)
In this paper we take all the spinorial components to be Grassmann anticommuting num-
bers. It is now easy to form bilinear invariants out of two such spinors θ, ψ;
pesudo-scalar : θyψ,
scalar : θyσ3ψ,







and ρa are analogues of the Dirac gamma matrices for 2 Euclidean
dimensions, i.e. they satisfy the Cliord algebra of SO(2):
fρa, ρbg = 2δab. (A.5)
In particular they can be represented as:











Note that (ρa)y = ρa and we can show the following properties:
(θyψ) = ψyθ = −θyψ,
(θyσ3ψ) = ψyσ3θ = θyσ3ψ,
(θyρaψ) = ψyρaθ = −θyρaψ. (A.7)
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